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Abstract. In various organisms loss-of-function muta- 
tions of individual genes with unexpectedly weak or no 
phenotypic effects in the homozygous state have been 
observed. In several of these cases, independent evidence 
shows that the respective gene products do have essential 
biological functions. An explanation emerging from de- 
tailed biochemical and genetic studies on such genes is 
that two or more genetically redundant genes contribute 
to that function, i.e., a group of genes that is able to 
substitute partially for a loss of function in one member 
of that group. The often-observed sequence similarity 
among redundant genes suggests gene duplications as 
a frequent source of genetic redundancy. Aside from this 
observation, the evolution of genetic redundancy is poor- 
ly understood. Genetic redundancy is potentially of great 
relevance to organismal evolution, since it may (i) 'pro- 
tect' organisms from potentially harmful mutations, and 
(ii) maintain pools of functionally similar, yet diverse 
gene products, and thus represent a source of evolution- 
ary novelty at the biochemical level. The question of how 
genetic redundancy evolves should ideally be answered 
by experimentation. However, the large time scales in- 
volved and insufficient quantitative understanding of the 
underlying regulatory pathways are likely to preclude 
such an approach in the foreseeable future. Preliminary 
answers are sought here by using a biochemically moti- 
vated model of a small but central part of a developmen- 
tal pathway. Sets of transcription regulators are modeled 
that mutually regulate each other's expression and there- 
by form stable gene expression patterns. It is then studied 
how genetic redundancy caused by gene duplications 
might evolve in such networks. The results obtained 
suggest that redundancy may, at least in some cases, be 
a global property of gene interactions within a regulatory 
pathway, rather than a local property of genes in that 
pathway. They also raise the possibility that duplications 
of a whole regulatory gene network, as may have taken 
place during the evolution of HOM/Hox genes in chor- 
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dates, are less likely to be reversible (by gene deletions) 
than duplications of individual network genes. These 
findings are discussed with reference to experimental 
evidence on the evolution of HOM/Hox genes. 

1 Introduction 

Probably the most important way of controlling gene 
expression in eukaryotes is regulation of transcription 
initiation by RNA polymerase II, exerted via transcrip- 
tion regulators that bind to promoter or enhancer se- 
quences near transcription units. Such regulators interact 
with the basal transcription machinery at the site of 
transcription initiation, thereby activating or repressing 
initiation by mechanisms that are still incompletely 
understood (Johnson and McKnight 1989; Mermelstein 
et al. 1989). Transcription regulators are also centrally 
involved in organismal development. Experimental evid- 
ence suggests that groups of genes encoding transcription 
regulators frequently interact in a network-like fashion of 
cross- and autoregulation, thereby establishing patterns 
of gene expression which, in turn, determine basic Baup- 
lan features of the organism. Their important role makes 
such networks and their constituent genes an important 
and popular subject of research in evolutionary and 
developmental biology (Seeger and Kaufman 1987; In- 
gham 1988; Kappen et al. 1989; McGinnis et al. 1990; 
Olson 1990; Rosenfeld 1991; Sommer and Tautz 1991; 
Stuart et al. 1991; McGinnis and Krumlauf 1992; 
Schubert et al. 1993). To comprehend the regulatory 
superstructure represented by a network of transcription 
regulators and its evolution is a daunting task, given our 
incomplete understanding of transcription regulation. 
The modest approach pursued here can only be justified 
by the importance of the problem. This approach uses 
a mathematical model for networks of transcription 
regulators to study their evolution (see also Wagner 
1994, 1996). 

Loss-of-function mutations with only weak or no 
phenotypic effects in the homozygous state are frequent 
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for various genes and in various organisms. While the 
possibility can sometimes not be excluded that expres- 
sion of the respective genes in the wild-type is without 
functional significance, there are several cases where 
independent evidence clearly demonstrates that the 
affected genes have an essential biological function. An 
explanation emerging from detailed biochemical and 
genetic studies on such genes is that two or more geneti- 
cally redundant genes contribute to that function, i.e., 
a group of genes is able partially to substitute for a loss of 
function in one member of that group (e.g., Joyner et al. 
1991; for reviews see Gatherer 1993; Tautz 1992; Thomas 
1993). Only a double, triple, etc., mutation would then 
exhibit the expected strong phenotypic effect. Evidence 
for genetic redundancy caused by gene duplications is 
also available for genes that are presumably parts of 
a network of transcriptional regulators, e.g., the multiple 
HOM/Hox gene clusters of mouse (McGinnis and Krum- 
lauf 1992). Some of this evidence stems from the pheno- 
types of loss-of-function mutants. Further, more indirect 
evidence is provided by the apparent deletion of several 
homeobox genes from putative gene clusters in various 
taxa (Cartwright et al. 1993; Krumlauf 1994; Misof and 
Wagner 1995). 

Various reasons for the existence of genetic redund- 
ancy are conceivable. On one hand, it might only be the 
remnant of past gene duplication events. On the other 
hand, genetic redundancy may have adaptive value, since 
it may 'protect' a developmental pathway from some 
otherwise deleterious mutations. Thus, redundancy 
might be maintained by natural selection [cf. Wagner 
(1996) for a comparable mechanism in the evolution of 
genetic canalization]. The finding that genetic redund- 
ancy is often observed among genes with considerable 
sequence similarity (e.g., Joyner et al. 1991; McGinnis 
and Krumlauf 1992) suggests gene duplications as an 
important source of redundancy. A typical scenario 
might involve duplication of a gene and subsequent gen- 
etic divergence of original and duplicate. Immediately 
after duplication, the pair of gene copies is completely 
redundant, implying that a loss-of-function mutation in 
one gene (e.g., a gene deletion) has no phenotypic effect. 
Over time, as the two copies come to acquire different 
functions, redundancy is reduced. This process may gen- 
erate a reservoir of genes with distinct but overlapping 
functions, a pool of genetic variation that is a potential 
source of evolutionary innovations on the biochemical 
level. 

2 The model 

The model to be used here was motivated in greater 
detail by Wagner (1994, 1996). It is concerned with the 
expression pattern of transcription factor genes in one 
developmental stage and in one cell or body region that 
shares an expression pattern, such as, for example, a set 
of nuclei in part of a Drosophila blastoderm expressing 
a specific subset of segmentation genes (Ingham 1988). In 
the model, a network of transcription regulators is repre- 
sented by a dynamical system whose state variables cor- 

respond to expression states of network genes. These 
states are denoted as 

: =  ( s l  ( t) . . . .  , s , , ( t )  ) (1) 

where Si(t) is the expression state of the ith gene, Gi, at 
some time t 1> 0 during some developmental process in 
which the network acts. For reasons of computational 
simplicity, it is assumed that Si(t) can only assume two 
values, namely (+  1) an ( -1) ,  corresponding to a situ- 
ation in which the gene Gi is expressed or not expressed, 
respectively, at time t. The gene expression state S(0) at 
time t = 0 is called the initial expression state. It can be 
conceptualized as being imposed onto the network by the 
products of one or more 'upstream' genes that are not 
themselves part of the network. 

Starting from the initial gene expression pattern, S(0), 
cross- and autoregulatory interactions among network 
genes cause the expression state to change. These changes 
are modeled by the set of difference equations 

S,(t + z )=a[  ~ wijSj(t)]=a[hi(t)] (2) 
j = l  

Here, the expression state of gene Gi at time t + z, 
Si(t + z), is a function of a weighted sum, hi(t), of the 
expression state of all network genes at time t. hi(t) 
represents the sum of the regulatory effects of all network 
genes on gene Gi. a(x) is the sign function (tr(x) = - 1 for 
x < 0, a(x) = + 1 for x > 0 and tr(0) = 0), and z is a time 
constant characteristic for the process under considera- 
tion. The real constants w o represent the 'strength' of 
regulatory interaction of the product of Gj with G,  
i.e., the degree of transcriptional activation (w o > 0) 
or repression (wit < 0) that the transcription regulator 
produced by gene Gj has on gene G~. Such regulatory 
interactions are known to be mediated by regulatory 
(enhancer) DNA elements. In biological terms, individual 
values of wit can be thought of as some compound 
measure of the binding constant and the transcription 
activation (repression) ability of the factor produced by 
G~ at the enhancer element that mediates its interaction 
with Gi. Mutations of regulatory DNA dements are 
modeled by changes in individual wit values. The 'con- 
nectivity matrix' w = (wij) that the constants w o define 
corresponds to all regulatory DNA elements relevant to 
regulatory interactions among network genes. The 

N quantity --tr[y~j= l wij] can be viewed as the activation 
state of gene i if no other genes in the network are 
expressed (corresponding to the basal rate of transcrip- 
tion in a model with continuous state space). Some (or 
most) entries of w may be zero. The fewer non-zero 
entries w has, the fewer regulatory interactions exist 
among network genes. An important model parameter is 
therefore the fraction of entries different from zero, de- 
noted by c (c e (0, 1)), which will be called the 'connect- 
ivity density' of the network. The discrete-time dynamical 
system (2) can also be viewed as the limiting case of 
a system of differential equations, in which concentra- 
tions of gene products, rather than binary (on-off) gene 
expression states change (Wagner 1994), but computa- 
tional limitations prohibited the use of such a system 
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here. For the same reason, a haploid model is used. 
However, all results will apply to a diploid situation, 
provided that there is little allelic variation in network 
genes. It should be noted that the structure of (2) is 
similar to 'spin glass' (Binder and Young 1986) or neural 
net (Hopfield and Tank 1986; Amit 1989) type models of 
gene networks first introduced by Kauffman (1969, 1993). 
However, (2) is conceptually different from Kauffman's 
models in that a specific type of gene interaction, namely 
transcription regulation, is considered. Recently, models 
conceptually similar to (2) have been successfully used to 
describe and predict regulatory gene interactions in early 
Drosophila embryogenesis (Mjolsness et al. 1991; Reinitz 
et al. 1995; Reinitz and Sharp 1995). 

The dynamics of (2) will lead to the attainment of an 
equilibrium gene expression state, which may be a fixed 
point of (2) or a limit cycle. For reasons of tractability, 
only fixed point equilibria will be considered here. They 
are denoted by ~(ov). Genes expressed in the equilibrium 
state will affect the expression of genes outside ('down- 
stream') of the network. Many experimental genetic stud- 
ies (e.g., McGinnis and Krumlauf 1992) suggest that 
deviations in the expression pattern of a gene network 
from the wild-type pattern causes developmental per- 
turbations that often lead to deleterious effects on the 
adult phenotype. In a biological population, such indi- 
viduals would be eliminated by natural selection. These 
observations motivate the assumption that an optimal 
equilibrium gene expression state, denoted as ~opt(~), 
exists for networks acting in a developmental process. If 
a network attains an equilibrium state S(oo) different 
from this optimal state, developmental perturbations will 
result and the fitness of the resulting adult organism will 
be reduced. The fitness of an organism (network) is 
modeled with a Gaussian fitness function 

e x p (  dh ['~~ )' ~:~(O0 )'] 2' ) (3) 

w h e r e  dh denotes the normalized Hamming distance 
(e.g., Amit, 1989) of the two states, and s(s > 0) represents 
the strength of selection. Deviations from an optimal 
state may occur for a variety of reasons, one of them 
being mutations in genes within or outside the network. 
The pattern of regulatory interactions within a gene 
network represents its most interesting 'organizational' 
properties, and thus mutations in regulatory DNA re- 
gions, represented by changes in the matrix w, will be the 
focus of this study. 

Gene duplications, mutations and deletions are 
conceptualized as illustrated in the following example. 
Figure la shows a matrix w of regulatory interactions 
within a network of three genes: G1, G2 and G 3. Figure 
1 b shows the regulatory interactions of this network after 
duplication of gene G1 and gene G 3. The duplication 
event adds two genes to the network, denoted as G~' and 
G*, as well as two rows to the matrix of Fig. la. These 
two rows, rows 2 and 5, correspond to the promoters of 
G* and G*, respectively. Duplicated matrix elements 
within any given row correspond to the influence of the 
two copies of a duplicated gene on the regulation of the 

G2 w22 V) G3 \ w31 w32 

GI [rWll Wll 0 W13 W13 
G~ /~1  wll 0 w13 w13 
G2 0 w22 w23 7-o23 
G3 ~w31 w31 w32 0 0 
G~ \w31 w31 w32 0 0 

G~ [ "tOll ~11 0 ~13 '//313 
G 2 0 0 ~/3~2 w23 ~023 

G 3 %031 ~331 '0332 0 0 
G; \w31 w31 w32 0 0 

G2 w'~2 w23 w23 
G3 / w31 w32 0 0 
G; \ w31 w32 0 0 

Fig. la-d. Changes in connectivity matrices caused by gene duplica- 
tions, mutations and gene deletions, a The connectivity matrix of 
a network with three genes (G1, G2 and G3) and connectivity density 
c = 2/3 is shown. Symbols w~j represent non-zero connectivities (regula- 
tory interactions), b The connectivity matrix of the network in a after 
duplication of G1 and G3. Rows 2 and 5 correspond to the promoters of 
the newly created genes, G* and G*. Note the duplication of all matrix 
entries that mediate regulatory effects of the duplicated genes, reflecting 
the increased regulatory influence of duplicated genes, e The network in 
b after two mutation events have changed regulatory interactions 
within the network, d A network resulting from deletion of G~ from the 
network shown in e 

gene whose promoter this row represents, but not to two 
separate promoter sites. For example, the two elements 
w23 in row three of Fig. lb represent the increase in 
relative regulatory influence on the expression of gene 
G2 that gene G3 has gained after its duplication. One 
might thus say that gene dosage effects enter this model 
indirectly through changes in the balance of regulatory 
interactions of the network. Immediately after duplica- 
tion, original and duplicate have identical promoters and 
will therefore have identical dynamics with respect to (2). 
Mutations can break this symmetry, since they affect 
promoter elements of the two genes independently, as 
exemplified by Fig. lc. The matrix shown in this figure is 
derived from that in Fig. lb. Two mutations occurred, 
symbolized by primed symbols. Because both elements 
w13 represent one regulatory interaction, they are 
changed jointly to w[3. Note also that the promoters of 
gene G1 and its duplicate are different now, which may 
lead to differential expression of the two genes. Deletions 
of some or all of the previously duplicated genes can 
occur. These deletions are assumed to affect original gene 
and duplicate with equal probability. Figure ld shows an 
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example of a deletion of GI, leading to a change in the 
matrix of Fig. lc. The duplicated gene, G*, is left intact. 
Such events will again change the regulatory balance 
within a network and may lead to changes in a gene 
expression pattern. A direct comparison of a gene expres- 
sion state before and after deletion is impossible, because 
these events change the dimension of the network's state 
space. However, if original and duplicate genes show 
little functional divergence, as in the scenario considered 
here, this problem has a straightforward solution, which 
is outlined in the Appendix. 

Consider a network in which a gene was duplicated 
without a (deleterious) change in the network's gene 
expression pattern. As time passes, mutations alter regu- 
latory interactions within the network, the regulatory 
roles of original and duplicate gene copies may diverge, 
and deletions of some or all of the previously duplicated 
genes may alter the gene expression pattern of the net- 
work. The likelihood of such a change, denoted as r(d), is 
taken as a measure of genetic redundancy. How it de- 
pends on d, a measure of the extent to which a network's 
pattern of regulatory interactions has diverged between 
duplication and deletion, is one of the questions studied 
here. In the numerical approach taken here, a population 
of (initially) identical gene networks is generated from 
one 'founder' network in which one or more network 
genes are duplicated. The optimal gene expression state 
within the population is the equilibrium gene expression 
state of this founder network. Then, networks within the 
population are allowed to diverge by subjecting them to 
mutation, while exerting stabilizing selection on the opti- 
mal gene expression pattern. In the course of this process, 
the effects of gene deletions on the network's gene expres- 
sion patterns are studied. 

Little is known empirically about 'typical' initial and 
equilibrium expression states, as well as about patterns of 
regulatory interactions within gene networks. Starting 
a population simulation with one type of network that 
has a prespecified initial, equilibrium state and con- 
nectivity matrix would therefore require many ad hoc 
assumptions for these parameters. This is in part cir- 
cumvented here by pursuing a statistical approach in- 
volving infinite sets E ('ensembles') of networks, each 
with its own initial state, equilibrium state and matrix 
w of regulatory interactions. Each network within an 
ensemble is the starting point of an evolution scenario as 
outlined above, during which evolution of stability in 
a population of organisms is monitored. This permits one 
to assess how sensitive results are to variations in net- 
work features. In this approach, the ensemble is a more 
suitable level for characterizing network structure than 
the individual network, and network characterization is 
therefore statistical in nature. The following parameters 
are used to characterize a network ensemble. First, all 
networks within an ensemble have the same number of 
genes, N. Second, among networks within an ensemble, 
the number of genes expressed in the initial state follows 
a binomial distribution B(N, p). This implies that within 
the ensemble the mean number of genes expressed in the 
initial state is given by Np. Genes expressed in the equi- 
librium state follow the same distribution, but are 

stochastically independent of those expressed in the in- 
itial state. Third, connectivity matrices w within the en- 
semble are defined by a probability distribution p(w) of 
regulatory interaction strengths (specified below), with 
a mean fraction c of connectivities different from zero 
among networks within the ensemble. The number of 
non-zero connectivities varies from network to network. 
Since a numerical analysis is carried out here, only finite 
samples of a network ensemble can be studied. Such 
samples are generated by a random search in the space of 
all possible gene networks with given N, p, c and p. 
A separate population simulation is carried out for each 
member of a sample of E, using the member as a popula- 
tion's founder network in the sense outlined above. Re- 
suits are then averaged over all population simulations. 
Two scenarios will be discussed independently, since they 
best illustrate the principles involved. In the first scen- 
ario, only one gene is duplicated. In the second scenario, 
all N network genes are duplicated simultaneously. One 
gene and N genes are subsequently deleted, respectively. 
In other words, the same number of genes that was 
duplicated previously is deleted in one single gene dele- 
tion event. The important question regarding robustness 
of results to variation in model features is addressed by 
numerically generating several ensemble samples with 
different values of N, p, c and p. 

3 Numerical methods 

The numerical analysis carried out here involves two 
principal steps. First, a sample of a network ensemble 
E was generated numerically. For each member of the 
sample, a prespecified number of genes was duplicated, 
and it was tested whether ~(o0) is changed by this dupli- 
cation, i.e__:, whether ~(oo) ~ lr- 1 [~dU(oo) ] (see Appendix), 
given 7t IS(0)] as initial state after duplication. The subset 
of E that meets this condition is called E d. 

3.1 Generation of  E a 

Each network in an ensemble (sample) has its own initial 
state if(0), equilibrium state S'(oo), and connectivity 
matrix w. Because sample members were generated inde- 
pendently from each other, it will only be described how 
one member was generated. 

First, two binary pseudorandom arrays in { -  1, 1} N, 
corresponding to S(0) and ~ovt, were generated. Indi- 
vidual entries of these arrays are stochastically indepen- 
dent both within each array and among arrays. Each 
entry was chosen according to the probabilistic rule 
P(Si = 1)= p, p being a real number in (0, 1). Then, 
a N x N pseudorandom matrix w = (wij) of regulatory 
interaction strengths was generated. Its entries wii are 
independently and identically distributed with probabil- 
ity density ( 1 -  c)6(wij)+ cp(wij). Here, p denotes a 
continuous probability density. Gaussian (p(x)=  1/ 
( v / ~ a )  exp [ -  x 2/(2tr 2)]) or 'reflected gamma' densities 
(p(x) = [2F(a) ] -  l e-lXl [xl a-l,  x ~ 9t\{0}, a > 0) were 
used, since they cover a wide range of qualitatively different 
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shapes of symmetric distributions. 6(x) denotes the Dirac 
delta function and c e (0, i) is a real number which deter- 
mines the mean number cN  2 of entries of w that are 
different from zero. It will be referred to as the 'density' of 
regulatory interactions within the network. Using ~(0) as 
initial state, the network's dynamics (2) was evaluated 
numerically for up to 2.5N time steps with this random 
matrix. If the network did not attain the equilibrium state 
S ( ~ )  as a fixed point, the matrix w was 'discarded', a new 
matrix w was generated in the same way as the old one, 
and the network's dynamics was evaluated again. New 
matrices were generated in this way until a matrix had 
been found for which the network attained ~(oo) as 
a fixed point, or until 5 x 22N matrices had been gener- 
ated, whichever came first. If no matrix had been found 
after 5 x 22N trials, the pair of states S(0) and ~(oo) was 
discarded, a new pair of state arrays ~(0) and S ( ~ )  was 
generated in the same way as the old pair, and a stochas- 
tic search for a matrix w was carried out in the same way 
as for the old pair of states. Once a matrix was found for 
which (2) attained S'(oo) as a fixed point with S(0) as 
initial state, the triplet (S(0), ~(oo), w) was considered 
a member of the ensemble sample. Further details and 
a motivation of this sample generation procedure can 
be found in Wagner (1996). The parameters N, c and p, 
as well as the distribution p, were not changed while 
generating one ensemble sample. However, for different 
ensemble samples, different parameter values were used 
(0.1 < p < 0.9, 0.25 < c < 1.0, different distribution types 
for p) to assess the robustness of the results to parameter 
variation. An ensemble member found in this way was 
subjected to a gene duplication event. If only one gene 
was to be duplicated, gene 1 was chosen (without loss 
of generality). If gene duplication had notchan_~ed the 
equilibrium expression state, the triplet (S(0), S(~), w) 
was considered a network in E a. 

The second principal step of the numerical analysis, 
a simulated evolution process, was carried out only for 
members of E d and separately for each member. It will 
thus be described only for one member. 

a motivation for this value], its fitness was assigned the 
smallest possible value o f e x p ( -  I/s), thus making it very 
unlikely that the network would survive the subsequent 
'selection' step. Fitness of networks that attained an equi- 
librium state was calculated using (3) with s = 0.01, 
a value that.ensures strong stabilizing selection. A net- 
work was chosen at random with uniform distribution 
and a pseudorandom number, r, with uniform distribu- 
tion on (0, 1) was generated. If r was smaller than the 
fitness of the network, the network 'survived'. This pro- 
cess was repeated until a new population of the same size 
as the old population had been generated, i.e., sampling 
of networks was carried out with replacement, corres- 
ponding to 'soft selection' (e.g., Hartl and Clark, 1989, 
p 525). 

During simulated evolution (every generation for the 
first 21 generations and every five generations thereafter), 
population members that attained the optimal equilib- 
rium state, i.e., where rc - 1 [~du(~)] = ~opt(~), were sub- 
jected to simulated gene deletion events. Each of these 
networks was subjected to deletion of the previously 
duplicated gene(s). The fraction of networks that still 
attained the optimal equilibrium state after deletion was 
calculated and used as a measure of genetic redundancy. 
A high fraction of such networks indicates a high degree 
of redundancy. The results reported below are averages 
over the independent simulations carried out for popula- 
tions derived from each ensemble member. 

Small ensemble samples (200 networks) and popula- 
tion sizes (100 individuals) were used here because of 
computational limitations. However, individual explo- 
ratory simulations (not shown) with up to a sevenfold 
larger sample size and a fivefold larger population size 
were carried out, and the results obtained did not differ 
qualitatively from those obtained with the smaller values, 
suggesting that they are robust to changes in these para- 
meters. 

4 Results 

3.2 Simulated evolution 

A 'population' of 100 identical copies of the ensemble 
member was generated and subjected up to 400 times to 
the following two steps in the given order. Each iteration 
of these steps was considered one 'generation' of simu- 
lated evolution. 

1. Mutation. Exactly one randomly chosen non-zero 
entry of the connectivity matrix of each member of the 
population was replaced by a pseudorandom number 
distributed as p(wij). This approach is essentially the 
house-of-cards approximation from population genetics 
(see e.g., Turelli 1985; Zeng and Cockerham, 1993). The 
entry chosen for mutation was selected randomly with 
equal probability among all entries and independently 
from entries mutated in previous generations. 

2. Fitness evaluation and selection. Each of the 100 
networks ('individuals') was subjected to the dynamics (2) 
with initial state ~[~(0)]. If a network had not reached 
equilibrium after 2.5N time steps [see Wagner (1996) for 

Figure 2a shows the evolution of redundancy for net- 
works subject to two different duplication events as 
a function of genetic divergence. Divergence, d, is meas- 
ured by the number of mutations in regulatory DNA 
sequences (connectivities) that accumulated per network 
between duplication and deletion event. The measure of 
redundancy is the probability that deletion of a number 
of genes equal to those previously duplicated does not 
lead to a (deleterious) change in a network's gene expres- 
sion pattern. High redundancy means that a deletion 
event is unlikely to have deleterious effects. The upper set 
of points in Fig. 2a represents redundancy, rl (d), in a net- 
work where one gene was duplicated; the lower set of 
points represents the corresponding quantity, rN(d), for 
a network in which all genes were duplicated. Both sets 
were generated with densely connected (c --- 1) networks 
of N = 10 in which 50% of network genes were expressed 
(p = 0.5). Figure 2a shows that rl decreases rapidly from 
its initial value of one (i.e., all deletions are neutral) 
immediately after duplication, to an equilibrium of 
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Fig. 2a, b. Evolution of redundancy and the distribution of regulatory 
interactions. The upper and lower graphs in a and b represent redundan- 
cies rl and rN, respectively, plotted every generation for the first 21 
generations after duplication, and every five generations thereafter, 
which results in the differential spacing of the data points. Divergence is 
measured by the number of mutations per network after duplication. 
a Gaussian distribution of connectivities with a = 1; b reflected gamma 
distribution with a = 2 (see Sect. 3). Further parameter values: N = 10, 
c = 1, Po = Peq = 0.5 

r ~ 0.45. It is noteworthy in and by itself that non-neutral 
deletions are possible, because only divergence in regula- 
tory DNA regions, but no functional divergence in gene 
products was modeled. This implies that genetic redund- 
ancy in a regulatory pathway need not be solely deter- 
mined by the similarity of functions of individual gene 
products. How individual gene products interact to ar- 
rive at gene expression patterns may play an important 
role. Figure 2a also shows that deletions of N genes are 
always more likely to be deleterious than deletions of one 
gene, except for a short initial period after duplication. 
While r~ has reached an equilibrium long before 150 
generations have elapsed, redundancy for the N gene case 
continues to decrease slowly. Results (not shown) from 
one exploratory simulation (N = 10, p = 0.5, c = 1, 
p Gaussian) demonstrate that rN does not decline to zero, 
but equilibrates at a value of rN ~ 0.08 after about 700 
generations. Because of the enormous computational 
cost of the numerical approach used here, only 150 gen- 
erations of simulated evolution were carried out in all 
other simulations. It is noteworthy that equilibrium re- 
dundancy in the two cases differs only by a factor of 5.6 
(rl/rN = 0.45/0.08). If, as one might assume, individual 

duplicated genes contribute independently to the level of 
redundancy in a network, rN would decline to a much 
lower value of 0.45 9 ~ 8 • 10 -4". 

Figure 2b shows results completely analogous to 
Fig. 2a, except that individual regulatory interaction 
strengths follow a reflected gamma distribution (a = 2; 
see Sect. 3) instead of a normal distribution. It can be seen 
that redundancy evolves in a qualitatively identical way 
in the two cases. Other distribution parameters yield very 
similar results (not shown). This indicates that the 
results reported here are largely independent of how 
regulatory interaction strengths are distributed within 
a gene network, and therefore, to a limited extent, of the 
kind of changes mutations cause in regulatory DNA 
elements. 

Unfortunately, the dependence of r on the number of 
network genes could not be explored adequately, because 
computational requirements increase rapidly as the num- 
ber of genes, N, is increased. However, a qualitative 
statement about the dependence of redundancy on N in 
the case of one duplicated gene can be made. Results 
reported by Wagner (1994) suggest that duplications of 
individual genes are less and less likely to have deleteri- 
ous effects as N is increased. Since deletion of previously 
duplicated genes is a process symmetrical to duplications 
in this model, genetic redundancy is likely to approach 
the maximum value of one (almost all deletions being 
neutral) as N becomes very large, regardless of the 
amount of divergence accumulated. 

Figure 3 shows how the evolution of redundancy 
depends on the density of regulatory interactions, c, i.e., 
the number of genes that regulate the expression of any 
given gene in a network. From this figure, it can be seen 
that a decrease in c does not affect the evolution of rN. 
However, rl increases as c increases, i.e., deletions of one 
gene become less and less likely to be deleterious. This 
finding has a quite intuitive explanation. Assume that 
gene i is duplicated, and consider the regulatory DNA 
elements, represented by wj~, 1 ~< j ~< N, that are directly 
affected by this duplication. Most of these elements will 
be zero if c is small, and thus, the duplication of only one 
gene will not even affect the regulatory 'input' at the 
promotors of most other network genes. As a conse- 
quence, it becomes more likely that the regulatory dy- 
namics within the network is not perturbed to an extent 
that leads to a change in a gene expression pattern if c is 
decreased. 

Figure 4 shows how the evolution of redundancy 
depends on p, the fraction of expressed genes in the 
network. In Fig. 5, redundancy values attained at the 
end of the simulations shown in Fig. 4 and Fig. 2a are 
summarized. 'Error' bars correspond to one standard 
deviation of redundancy over the 200 independent popu- 
lation simulations carried out for each parameter. These 
figures show that rl does not change significantly as p is 
changed, rN, on the other hand, increases markedly as the 
number of expressed genes becomes very small. Thus, in 
networks with very few expressed genes, a deletion of 
N genes is more likely to be neutral than in a network 
with many expressed genes. A simple analytical argument 
given in the Appendix shows that this is a consequence of 
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Fig. 3a-e.  Dependence of redundancy on c. The upper and lower graphs 
in a--c represent rl and rN, respectively, plotted every generation for the 
first 21 generations after duplication, and every five generations there- 
after. Divergence is measured by the number  of mutations per network 
after duplication. Parameter  values are as in Fig. 2a, except for c: 
a c = 0.75; b c = 0.5; c c = 0.25 

the number of original/duplicate gene pairs, in which one 
of the genes is expressed while the other is not. 

To summarize, one can say that (i) genetic redund- 
ancy between two or more genes need not necessarily be 
determined by the functional similarity/dissimilarity of 
the respective gene products; exactly how regulatory 
interactions involving multiple network genes lead to 
the attainment of a given gene expression pattern may be 
an important determinant of the amount of redundancy 
in a regulatory network; (ii) redundancy is, in general, 
lower if many genes are duplicated and subsequently 
deleted than if few genes are duplicated and deleted; 
(iii) decreasing the 'density' of regulatory interactions 
within a network makes deletions of one gene less likely 
to be deleterious; (iv) if few genes are expressed in a 
network, deletions of N previously duplicated gene 
become less likely to be deleterious; (v) networks with 
many genes are probably more resilient to duplica- 
tions/deletions of individual genes than networks with 
few genes. 
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Fig 4a-d. Dependence of redundancy on the mean number  of ex- 
pressed genes, Np. The upper and lower graphs in a - d  represent rl and 
rN, respectively, plotted every generation for the first 21 generations 
after duplication, and every five generations thereafter. Divergence is 
measured by the number  of mutat ions per network after duplication. 
Parameter  value are as in Fig. 2a, except for p: a p = 0.9; b p = 0.75; 
c c = 0.25;d p = 0.1 
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Fig. 5. Redundancy and Np: summary of Figs. 2a and 4. Shown are 
rl and rN at the end of the simulations shown in Figs. 2a and 4 'Error '  
bars represent one standard deviation of redundancy over the 200 
independent population simulations carried out  for each case. Except 
for varying p, all parameter values are as given in Fig. 2a 

5 D i s c u s s i o n  

To determine evolutionary conservation, increase or 
decay of genetic redundancy experimentally would mean 
(i) identifying groups of genes that perform comparable 
and redundant functions in different taxa, (ii) defining 
a suitable measure of redundancy among these genes and 
(iii) comparing the level of redundancy in these taxa. 
Available experimental data do not yet provide the ne- 
cessary level of resolution, and a modeling approach may 
therefore be a useful first step. For the purpose of this 
paper, genetic redundancy is defined as the absence of 
a phenotypic effect of gene deletions (loss-of-function 
mutations) in gene networks encoding for transcription 
regulators that perform essential biological functions�9 
Also, it is assumed that redundancy is caused by gene 
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duplications, a prominent, although not the only con- 
ceivable source of genetic redundancy (Tautz 1992). 

Aside from their central role in development, genes 
encoding for proteins involved in networks of transcrip- 
tion regulators also include examples of genetically re- 
dundant genes (e.g., Joyner et al. 1991; see also below). 
This motivates the approach taken here, in which a dy- 
namical system was used to model the evolution of re- 
dundancy in networks of transcriptional regulators. Us- 
ing this model, it was studied how the evolution of 
regulatory DNA sequences after a gene duplication event 
influences genetic redundancy. Some time after duplica- 
tion of one or more network genes, previously duplicated 
genes were deleted. The greater the time that elapses 
between duplication and deletion, the more the regula- 
tory sequences diverge from those governing the regula- 
tory interactions immediately after the duplication event, 
and the more likely it is that a gene deletion event causes 
a deleterious change in the gene expression pattern of the 
modeled network. 

The evolution of regulatory interactions among 
network genes was studied because they represent the 
central feature of a network's organization. Recent 
experimental findings regarding the three Drosophila 
genes paired, gooseberry and gooseberry neuro, under- 
score the importance of regulatory gene interactions for 
the evolution of redundancy. Li and Noll (1994) report 
that these three genes, which encode for transcription 
regulators and evolved from the same ancestral gene by 
repeated gene duplication, have distinct developmental 
functions only by virtue of their different cis-regulatory 
regions. It is an advantage of the modeling approach 
pursued here that the evolution of transcription units and 
of regulatory sequences can be conceptually separated. 
To further justify modeling the evolution of regulatory 
sequences, one might also argue that regulatory DNA 
sequences are likely to evolve at a faster rate than tran- 
scription units within the network. This is because the 
gene products considered here are likely to affect the 
expression of many genes, causing strong pleiotropic 
effects of mutations in their transcription units. Muta- 
tions in regulatory DNA sequences, on the other hand, 
will affect the expression of only one gene, and their effect 
may even be compensated by the overall regulatory 
dynamics of a network. 

The results reported above also show that the 
amount of redundancy in a network need not be propor- 
tional to the functional similarity of the coding region of 
a gene pair (duplicate/original). Here, the reason is that 
global interaction patterns within the network may 
determine the extent of redundancy, such that even 
functionally identical genes need not be completely re- 
dundant. This 'non-local' property of redundancy for 
particular genes is not surprising if one thinks of a gene 
deletion as causing a perturbation in a parameter (gene 
dosage) of some dynamical system that represents part of 
a developmental pathway. However, it is sometimes 
overlooked in experimental studies, in which redundancy 
is implicitly attributed to the genes under consideration. 
Whether the phenomenon observed here is frequent in 
regulatory pathways remains to be seen. However, a po- 

tentially relevant analogy exists in many formal genetic 
studies demonstrating that the phenotypic effect of an 
allele (a mutant) often depends on its genetic background 
(Rendel 1979; references in Wagner et al. 1994), and is 
therefore not only a property of the allele, but the result 
of interaction effects among many different gene loci. 

HOM/Hox gene clusters are a prominent example of 
a class of genes in which presumably both gene duplica- 
tions and gene deletions occurred. The manifold regula- 
tory interdependencies that exist between these genes 
suggest that they also represent gene networks in the 
sense used here (e.g., Lewis 1978; Bienz and Tremml 1988; 
Gonz~les-Reyes and Morata 1990). Since they are a 
candidate network whose evolution is well studied, the 
results obtained above will be discussed mostly with 
reference to them. 

Two gene duplication scenarios were examined here. 
In the first, one network gene is duplicated and, sub- 
sequently, deleted. Such duplications of individual net- 
work genes are likely to have occurred frequently in 
evolution, such as in the case of the HOM/Hox gene 
clusters of mice, which have their origin in a small num- 
ber of precursor genes (Schubert et al. 1993). It was 
examined how the likelihood, rl (d), that a gene deletion 
does not have a deleterious effect depends on the amount 
of genetic divergence, d, accumulated between duplica- 
tion and the deletion event. It was found that this 
measure of redundancy decreases rapidly from its initial 
value r l (0) = 1 (complete redundancy) immediately after 
the duplication event. It reaches an equilibrium, whose 
precise value depends on network features such as the 
number of genes that are 'connected' by regulatory inter- 
actions. A second scenario concerned duplication of all 
genes in a network, and subsequent deletion of an equal 
number of genes. Redundancy was again defined as the 
likelihood, rN(d), that such a gene deletion event does 
not have a deleterious effect. Duplications of whole 
HOM/Hox gene clusters, which seem to have occurred 
at least twice in the evolution of HOM/Hox genes 
(Schughart et al. 1989), represent likely examples for such 
network duplications. The biological question addressed 
with the second scenario thus regards the reversibility of 
network duplications: can a HOM/Hox gene cluster be 
deleted once duplicated without deleterious effects? In 
general, rN(d) is substantially lower than rl(d), implying 
that such cluster deletions are more likely to be deleteri- 
ous. This prediction is consistent with current experi- 
mental evidence, since no support for a decrease in the 
number of HOM/Hox clusters during evolution has so 
far been found from phylogenetic studies. The prediction 
could be tested more rigorously if it is found that 
independent HOM/Hox gene cluster duplications have 
occurred more than once in evolution. Preliminary 
evidence for this possibility comes from a study on the 
chelicerate Limulus polyphemus, consistent with the exist- 
ence of four HOM/Hox gene clusters (Cartwright et al. 
1993). Any differences in redundancy for the two duplica- 
tion scenarios will also be massively enhanced if genetic 
redundancy can evolve differently in different expression 
domains of a network. [The model (2) is only concerned 
with one such domain.] This possibility is consistent with 
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results of genetic studies indicating that loss-of-function 
mutations in a presumably cell-autonomous gene need 
not affect all regions in which the gene is expressed (e.g., 
Chisaka and Capecchi 1991). Whereas gene expression 
without functional significance may account for some of 
these cases, differential evolution of redundancy in differ- 
ent tissues or ontogenetic stages will probably be respon- 
sible in others. 

These findings are based on a quite general model of 
a complex and poorly understood biochemical process, 
and the fact that they are qualitatively independent of 
particular model parameters is reassuring. It suggests 
that they are generic properties of gene networks, conser- 
ved over a broad class of network architectures. The only 
exception regards a case in which very few network genes 
are expressed. Here rl and rN become very similar. How- 
ever, a very low number of expressed genes would defeat 
the purpose of a regulatory network, and is therefore of 
questionable biological significance. 

Caution is appropriate when approaching the issue of 
single gene deletions in groups of genes that presumably 
form a network, because more than one interpretation is 
possible in cases where a gene occurring in a group of 
taxa is apparently missing in other taxa related to that 
group. First, the gene may not be as structurally conser- 
ved as one would expect from its function, if this function 
is known. Its coding sequence may have evolved so 
rapidly that it cannot be cloned (PCR-amplified) by util- 
izing sequence similarity to putative homologues in re- 
lated taxa. Second, the gene may not have been deleted in 
some of the taxa under consideration, but rather repres- 
ent a new acquisition in the group of taxa in which it has 
been found. Being able to distinguish between the latter 
two possibilities requires detailed knowledge of 
phylogenetic relations in the groups under consideration. 
The Drosophila pair-rule segmentation gene fushi tarazu 
(ftz) may represent an example of either of these two 
cases. Initial attempts to identify anfiz homologue in the 
beetle Tribolium and in the honeybee Apis mellifera 
failed (Walldorf et al. 1989; Stuart et al. 1991), raising the 
possibility that ftz represents a recent addition to the 
Drosophila group, or that it was lost in other groups. 
However, more recent evidence suggests that ftz may 
have diverged rapidly, and that an ftz homologue exists 
in the locust Schistocerca, a taxon that is more distantly 
related to Drosophila than either Tribolium or Apis 
(Dawes et al. 1994; Ferrier and Akam 1994). Given these 
caveats, no clear case for loss of individual genes in 
organisms that presumably have only one cluster of 
HOM/Hox genes has been reported to date. The situ- 
ation is different for organisms with more than one 
HOM/Hox gene cluster. For example, HOM/Hox genes 
in humans and mouse are organized into four clusters 
that presumably arose by two or more duplications of 
one ancestral cluster (Schughart et al. 1989). By the 
conserved gene organization in each duster, as well as by 
criteria of sequence conservation, it is possible to identify 
closely related groups of genes on different clusters that 
may have a common ancestor in the original cluster. 
These groups are called cognate groups, and the mouse 
has 13 such groups, numbered 1(3') through 13(5') (Scott 

1992). Most remarkably, only two of these 13 cognate 
groups (i.e., groups 4 and 9) have four member genes, as 
one would expect if the ancestral duster had 13 member 
genes. In eight cognate groups, one gene is missing 
(groups 1, 3, 5, 6, 8, I0, 11, 13) and in three more cognate 
groups, two genes are missing (groups 2, 7, 12). The 
5'-most groups 10 through 13 will be excluded here, since 
their organization (Scott 1992) indicates that they repres- 
ent phylogenetically recent gene duplications. Even un- 
der this conservative assumption, nine of 36 genes are 
missing in cognate groups 1 through 9. Homology to the 
genes of the Drosophila Ant-C and BX-C clusters 
(McGinnis and Krumlauf 1992) indicates that most of 
these nine cognate groups were represented in the ances- 
tral cluster. This strongly suggests that numerous gene 
deletions occurred after duplication of the ancestral clus- 
ter, and argues against the possibility that new acquisi- 
tions rather than gene deletions took place in these cases. 
It can of course not be strictly excluded that some of 
these genes have not been deleted, but were placed out- 
side the cluster and have undergone rapid sequence 
evolution. However, given the extensive surveys for An- 
tennapedia class homeobox genes that were carried out 
on the mouse genome (e.g., Murtha et al. 1991), it seems 
likely that even distant relatives of the apparently missing 
genes would have been detected, if they exist. Somewhat 
more preliminary evidence along the same lines is avail- 
able from recent PCR surveys of Antennapedia class 
homeobox genes in several metazoan taxa. For example, 
evidence exists consistent with four clusters (nine cognate 
groups) of HOM/Hox genes in the Chelicerate Limulus 
polyphemus, where as many as 9 of the 36 expected genes 
may be missing (Cartwright et al. 1993). In the teleost fish 
Fundulus heteroclitus, a total of 22 members from eight 
cognate groups were found, consistent with as many as 
ten of 32 genes missing (Misof and Wagner 1996). In the 
zebrafish, evidence is available for four HOM/Hox gene 
clusters, with as many as ten missing genes in cognate 
groups 1 through 9 (Misof et al. 1996) Taken together, 
these findings are consistent with the hypothesis that 
larger gene networks can more readily tolerate deletions 
of individual genes. If these deletions had occurred 
shortly after duplications of HOM/Hox gene dusters, 
redundancy among cognates would probably have fur- 
ther facilitated such neutral deletions. More definitive 
conclusions clearly require the availability of linkage 
maps for these taxa. However, once such maps are estab- 
lished, it will be instructive to see whether the putative 
gene deletions follow a common pattern in different cog- 
nate groups, or whether they have occurred independent- 
ly in each lineage. 

HOM/Hox genes are not the only example of gene 
networks, but phylogenetic information and linkage data 
from a variety of taxa are needed before rigorous tests of 
qualitative model predictions can be made for any other 
candidate group of genes, especially given that the 
modeling approach used here is a statistical one, i.e., no 
particular deletion event is 'prohibited' by the model. 
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Appendix 

Comparison of  gene expression states before 
and after gene duplication 

Only the case of gene duplications will be explicated here, 
because generalization to gene deletions is completely 
analogous. Consider a network with initial expression 
state S'(0) that attains an equilibrium state ~(~) ,  and 
assume, without loss of generality, that genes G1 through 
Gk are duplicated. The gene expression state of the net- 
work is then expanded according to a function n: 

n : { - 1 , - t - 1 } N ~ { - 1 , - t - 1 }  N+k 

(S1, . - . , S k , S k + l ,  . . . ,SN)-~(S1,S1,  " " , S k ,  Sk, Sk+l ,  " " , S N )  

The initial state of the network after duplications be- 
comes n[S(0)]. This new initial state together with the 
changed matrix w determine the dynamics of (2) after 
duplication. If an equilibrium state is attained by this 
network, it is called S'd"(oo). In general Sd"(oo)# 
nI-S(~)]. Now define n-1 as 

n - l : { - 1 ,  +1} N 

($I, S~, ... , Sk, S~,, Sk+ 1, ... , SN) 

-'r (o '[ 'S 1 --1- S1 -4- 11, ... ,al'Sk + S;, + 1],Sk+l, ... ,SN) 

Primed variables denote possibly different expression 
states of original gene and duplicate, a[Si + S~ + 1] 
is a Boolean OR function. It corresponds to the assump- 
tion that at least one copy of the duplicated gene has 
to be expressed in the equilibrium state in order to say 
that the corresponding biochemical 'function' is ex- 
pressed. It will be said that a gene duplication event 
has no effect on the network, or that it does not change 
the expression pattern generated by the network, iff 

-1 = 

Dependence of redundancy on the fraction, p, 
of expressed genes 

Consider first the case of N gene duplications, and denote 
as rN(~) the likelihood that a gene deletion occurring an 
infinitely long time after the duplication event does not 
changeS(~).  Figures 4 and 5 indicate that, as p increases 
from p = 0.5, rN(oo) remains unchanged. However, as 
p decreases from p = 0.5 and becomes very small, rN(oo) 
increases, i.e., gene deletions become more likely to 
be neutral. Two biologically irrelevant, but analytically 
instructive cases, namely p = 0 and p = 1, help to 
understand this behavior. In these cases, it is trivial to 
characterize the connectivity matrices of optimal net- 
works because S ( ~ ) =  ~(z)=  o'l-hi(0)]. The dynamical 
system (2) is reduced to a set of linear inequalities for 
entries of w. Consider first the case of p = 0. It follows 
from (2), that in all members of the population, and for 

any original/duplicate pair Gi and G*, the respective pair 
of 'inputs', hi(0) and h*(0), have negative sign. Now note 
that in the case of N duplicated genes, the sign of any 
hi(0) and h*(0) does not change as a consequence of 
a gene deletion. Biologically speaking, this means that 
the deletion event does not cause changes in gene dosages 
relative to other network genes. Thus, gene deletions will 
not affect the equilibrium gene expression pattern at all. 
No deletion will cause genes to be expressed if they were 
not expressed before deletion. The case p = 1 is funda- 
mentally different. If p = 1, Si(oo) = 1 for all i, but for 
each i it is only required that one of the two genes, 
original or copy, be expressed in the equilibrium state. 
Thus, the situation is more complicated, in that either of 
the following three conditions can hold: (i) hi(0)> 0, 
h*(0)>0;  (ii) hi(0) >0 ,  h*(O) <0 ;  (iii) hi(O) < O, 
h*(0) > 0. If N genes are deleted, the signs of individual 
hi(0) values are unaffected. Thus, for a gene Gi, for which 
case (i) holds, deletion will have no effect. However, if 
condition (ii) holds when Gi is deleted, the remaining 
gene, G*, will not be expressed in the equilibrium state. 
Similarly, if (iii) holds and G* is deleted, the remaining 
gene, Gi, will not be expressed. The latter two situations 
will alter the (previously optimal) gene expression 
pattern. If evolving populations are large, and if many 
mutations have accumulated between duplication and 
deletion, the probability of a deletion of N genes having 
no effect on the expression pattern is given by 

..[_ 2 1 \N ~N (�89 33) = . For N =  10 genes, it follows that 
rs(oo) ~ 0.017, far from rN(~) = 1 for p = 0. 

Note that analogous arguments cannot be applied to 
rl: there is always a finite probability that changes in hi(t) 
occur after deletion. Thus, even in the extreme cases of 
p = 0 or p = 1, deletion of one gene will not be neutral. 
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